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Abstract
We present the results of a detailed study of how isocurvature axion fluctuations
are converted into adiabatic metric perturbations through axion decay, and discuss the
constraints on the parameters of pre-big bang cosmology needed for consistency with
present CMB-anisotropy data. The large-scale normalization of temperature fluctua-
tions has a non-trivial dependence both on the mass and on the initial value of the axion.
In the simplest, minimal models of pre-big bang inflation, consistency with the COBE
normalization requires a slightly tilted (blue) spectrum, while a strictly scale-invariant
spectrum requires mild modifications of the minimal backgrounds at large curvature
and/or string coupling.
It is well known that, in the framework of pre-big bang cosmology (see [1, 2] for recent
reviews), the primordial spectrum of scalar (and tensor) metric perturbations is character-
ized by a steep positive slope [3]. Since the high-frequency normalization of the spectrum
is fixed by the ratio of the string to the Planck mass, the amplitude of metric fluctuations
turns out to be strongly suppressed at large scales, and thus unable to account for the CMB
anisotropies observed by COBE [4] and by other satellite experiments [5] (unless one accepts
rather drastic modifications of pre-big bang kinematics, as recently suggested in [6]).
A possible solution to this problem could be provided, a priori, by the fluctuations
of another background field of string theory, in particular of the so-called Kalb–Ramond
axion σ (the dual of the NS-NS two-form appearing in the dimensionally reduced string
effective action [7]). As first pointed out in [8], axionic quantum fluctuations of the vac-
uum are amplified by pre-big bang inflation, yielding a final spectrum whose index nσ can
vary, depending on the evolution of extra dimensions. The scale-invariant value of nσ = 1
is attained, amusingly enough, for particularly symmetric evolutions of the nine spatial
dimensions in which critical superstrings consistently propagate.
Indeed, even if no axion potential is present in the post-big bang era, a (generally non-
Gaussian) spectrum of temperature anisotropies can be induced by the fluctuations of the
massless [9, 10] axion field, at second order, through the so-called “seed” mechanism [11].
The same is true for a massive light axion that has not decayed yet [12]. Unfortunately, while
the model is capable of reproducing the low-multipole COBE data [4], it clearly appears
[13] to be disfavoured with respect to standard inflationary models when it comes to fitting
data in the acoustic-peaks region [5].
An interesting alternative possibility, first suggested in [1], and recently discussed in
detail (and not exclusively within a string cosmology framework) in [14]-[18], uses a general
mechanism originally pointed out in [19]. It is based on two basic assumptions: i) the
constant value of the axion background after the pre-big bang phase is displaced from the
minimum (conventionally defined as σ = 0) of the non-perturbative potential V (σ) gener-
ated in the post-big bang epoch; ii) the axion potential is strong enough to induce a phase
of axion dominance before its decay into radiation. Under these two (rather plausible) as-
sumptions, the initially amplified isocurvature axion fluctuations can be converted, without
appreciable change of the spectrum, into adiabatic (and Gaussian) scalar curvature pertur-
bations until the time of horizon re-entry: these can then possibly produce the observed
CMB anisotropies.
Various aspects of this new mechanism have already been discussed in [14] for the string
theory axion, and in [15]-[17] (mostly in the context of conventional inflationary models)
for the case of a generic scalar field, dubbed the “curvaton” in [15] (see also [18] for a
possible application of this mechanism to the ekpyrotic scenario). Here, after providing
an explicit derivation and computation of the conversion of axion fluctuations into scalar
curvature perturbations, we shall discuss the constraints imposed by the CMB data, and
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its possible consistency with the small-scale normalization and tilts typical of pre-big bang
models. It will be argued, in particular, that a strictly flat spectrum is only compatible with
non-minimal models of pre-big bang inflation. A detailed account of this work, including
numerical checks of the analytic arguments and estimates given here, will be presented in
a forthcoming paper [20].
The conversion of the axionic isocurvature modes (amplified during the pre-big-bang
phase) into adiabatic curvature inhomogeneities takes place in the post-big-bang phase,
where we assume the dilaton to be frozen and the axion to be displaced from the minimum
of its potential. The relaxation of the axionic field towards the minimum of its potential is
determined by the following evolution equations (units where 16πG = 1 are used)
Rνµ −
1
2
δνµR =
1
2
T νµ +
1
2
∂µσ∂
νσ +
1
2
δνµ
[
V − 1
2
(∇µσ)2
]
,
∇µ∇µσ + ∂V
∂σ
= 0, (1)
where Tµν is the stress tensor of the matter sources, which we assume to be dominated by
the radiation fluid. In the case of a conformally flat metric, gµν = a
2ηµν , the time and space
components of such equations, together with the axion evolution equation, can be written
(in conformal time and in three spatial dimensions) respectively as
6H2 = a2 (ρr + ρσ) , 4H′ + 2H2 = −a2 (pr + pσ) , (2)
σ′′ + 2Hσ′ + a2∂V
∂σ
= 0, (3)
where H = a′/a = d(ln a)/dη, ρr = 3pr is the energy density of the radiation fluid, and
ρσ =
1
2a2
σ′2 + V (σ), pσ =
1
2a2
σ′2 − V (σ). (4)
The combination of Eqs. (2) and (3) leads to the conservation equation for the radiation
fluid, i.e. ρ′r + 4Hρr = 0.
While the background is radiation-dominated, at least at the onset of the post-big-
bang phase, the initial large-scale inhomogeneities are dominated by the (isocurvature)
perturbations coming from the pre-big bang amplification of the quantum fluctuations of
the axion. In order to study the conversion of isocurvature into scalar curvature (adiabatic)
modes, the background Eqs. (2) and (3) should be supplemented by the evolution equations
of the scalar inhomogeneities, following from the perturbation of the Einstein equations (1).
Thanks to the absence of anisotropic stresses, the i 6= j components of the perturbed
Einstein equations imply that the scalar metric fluctuations can be parametrized in terms of
a single gauge-invariant variable, the Bardeen potential Φ [21]. The full system of perturbed
Einstein equations can then be written as
Φ′ +HΦ = 1
4
χσ′ +
1
3
a2ρrvr, (5)
2
∇2Φ− 3H (Φ′ +HΦ) = 1
4
a2 (ρrδr + ρσδσ) , (6)
Φ′′ + 3HΦ′ +
(
2H′ +H2
)
Φ =
1
4
a2
(
1
3
ρrδr + δpσ
)
, (7)
χ′′ + 2Hχ′ −∇2χ+ a2 ∂
2V
∂σ2
χ = 4σ′Φ′ − 2a2 ∂V
∂σ
Φ, (8)
where the gauge-invariant variables χ, δρr, vr are, respectively, the axion, radiation density
and velocity potential fluctuations [with our conventions, in the longitudinal gauge the
velocity potential is defined by δT 0i = (ρr + pr)∂ivr], and where the following variables
δr = δρr/ρr, δσ = δρσ/ρσ,
δρσ = −Φ (ρσ + pσ) + σ
′χ′
a2
+
∂V
∂σ
χ,
δpσ = −Φ (ρσ + pσ) + σ
′χ′
a2
− ∂V
∂σ
χ (9)
have been defined (we have also assumed δpr = δρr/3). By using the above perturbation
equations, together with the background relations (2) and (3), two useful equations for
the evolution of the radiation density contrast and of the velocity potential can be finally
obtained:
δ′r = 4Φ
′ +
4
3
∇2vr, v′r =
1
4
δr +Φ. (10)
We now suppose to start at t = ti with a radiation-dominated phase in which the
homogeneous axion background is initially constant and non-vanishing, σ(ti) = σi 6= 0,
σ′(ti) = 0, providing a subdominant (potential) energy density, ρσ(ti) = −pσ(ti) = Vi
≪ H2i ∼ ρr(ti). The initial conditions of Eqs. (5)–(8) are imposed by assuming a given
spectrum of isocurvature axion fluctuations, χk(ti) 6= 0, and a total absence of perturbations
for the metric and the radiation fluid, Φ(ti) = δr(ti) = vr(ti) = 0. The initial values of the
first derivatives of the perturbation variables are then fixed by enforcing the momentum
and Hamiltonian constraints, i.e. Eqs. (5) and (6).
Before discussing the origin of curvature fluctuations we must specify the details of the
background evolution. The axion, initially constant and subdominant, starts oscillating
at a curvature scale Hosc ∼ m (as can be argued from Eq. (3)), and eventually decays
(with gravitational strength) into radiation, at a scale Hd ∼ m3/M2P < Hosc (a process
that must occur early enough, not to disturb the subsequent standard evolution). When
the axion is constant, ρσ behaves like an effective cosmological constant, while during the
oscillatory phase its kinetic and potential energy density are equal on the average, so that
〈pσ〉 = 0, and 〈ρσ〉 ∼ a−3 behaves like dust matter. Thus the radiation energy is always
diluted faster, ρr ∼ a−4, and the axion background tends to become dominant at a scale
Hσ(t) ∼
√
V [σ(t)].
For an efficient conversion of the initial χ and δσ fluctuations into Φ and δr fluctuations
it is further required [14]-[16], as we shall see, that the decay occur after the beginning of
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the axion-dominated phase, i.e. when Hσ > Hd. Depending upon the relative values of Hσ
and Hosc (i.e. depending upon the value of σi in Planck units) we have two different options
which will now be discussed separately. In order to perform explicit analytical estimates,
we shall assume here that V (σ) can be approximated by the quadratic form m2σ2/2. This
is certainly true for σi ≪ 1, but it may be expected to be a realistic approximation also for
the range of values of σi not much larger than 1 (which, as we shall see, is the appropriate
range for a normalization of the spectrum compatible with present data). Actually, for the
periodic potential expected for an axion the value of |σi| is effectively bounded from above
[14].
(1) If σi < 1 then Hσ < Hosc, and the axion starts oscillating (at a scale H ∼ m) when
the Universe is still radiation-dominated. During the oscillations the average potential en-
ergy density decreases like a−3, i.e. the typical amplitude of oscillation decreases, following
an a−3/2 law, from its initial value σi to the value σdom at which H = Hσ ∼ mσdom. During
this period a ∼ H−1/2 (as the background is radiation-dominated), so that σdom ∼ σ4i ,
and Hσ ∼ mσ4i . Finally, the background remains axion-dominated until the decay scale
Hd ∼ m3/M2P. This model of background is thus consistent for Hi > Hosc > Hσ > Hd,
namely for
1 > σi > (m/MP)
1/2, (11)
which allows for a wide range for σi, if we recall the cosmological bounds on the mass
following from the decay of a gravitationally coupled scalar [22] (typically, m > 10 TeV to
avoid disturbing standard nucleosynthesis).
(2) If σi > 1, and then Hσ > Hosc, the axion starts dominating at the scale Hσ ∼ mσi,
which marks the beginning of a phase of slow-roll inflation, lasting until the curvature drops
below the oscillation scale Hosc ∼ m. Such a model of background is consistent for Hσ < H1,
namely for
H1/m > σi > 1, (12)
where H1 (fixed around the string scale) corresponds to the beginning of the radiation-
dominated, post-big bang evolution. During the inflationary phase the slow decrease of the
Hubble scale can be approximated (according to the background equations (2) and (3))
by H(t) = αmσi − βm2(t − tσ), where α and β are dimensionless coefficients of order 1.
Inflation thus begins at the epoch t = tσ ∼ 1/mσi, and lasts until the epoch t = tm ∼
(σi − 1)/m ∼ σi/m.
Finally, if σi ∼ 1, Hσ ∼ Hosc ∼ m, and the beginning of the oscillating and of the
axion-dominated phase are nearly simultaneous. Let us now estimate, for these classes
of backgrounds, the evolution of the Bardeen potential generated by the primordial axion
fluctuations.
It is convenient, for this purpose, to introduce the gauge-invariant variable ζ representing
the spatial curvature perturbation on uniform density (or equivalently, at large scales, on
comoving) hypersurfaces. For purely adiabatic perturbations ζ is conserved (outside the
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horizon), and can be written for a general background as [21]:
ζ = −Φ− HΦ
′ +H2Φ
H2 −H′ . (13)
Outside the horizon, Eq. (10) gives 4Φ = δr; the sum of the two background equations
(2) for the denominator H2 − H′ and the Hamiltonian constraint (6) for the numerator
HΦ′ +H2Φ, allow ζ to be rewritten in the convenient form
ζk =
ρσδσ(k)− (3/4)(ρσ + pσ)δr(k)
4ρr + 3(ρσ + pσ)
. (14)
This expression has been obtained by neglecting the contribution of spatial gradients in Eqs.
(5)–(8). Numerical integration shows [20] that the corrections coming from these terms are
indeed negligible for the large-scale modes leading to the anisotropies in the CMB.
Consider now the beginning of the post-big bang phase, when the radiation dominates
the background while the axion dominates the fluctuations. In this case Eq. (14) gives
immediately:
ζk =
1
4
ρσδσ(k)
ρr
=
1
4ρr
∂V
∂σ
χk =
1
24
a2
H2
∂V
∂σ
χk ∝ a4, (15)
where we have used the fact that, in the initial phase, σ is approximately constant. Since
also Φk will behave like a
4, it is easy to find its relation to ζ using, inside (13), Φ′ = 4HΦ
and H′ = −H2, with the result:
Φk = −2
7
ζk = − 1
14
ρσδσ(k)
ρr
. (16)
In order to proceed further, two alternatives (already discussed in the context of the back-
ground evolution) should now be separately examined:
(1) If σi < 1, during the oscillating (but still radiation-dominated) phase, ζ can still be
obtained from Eq. (14), but now ρσ ∼ δρσ ∼ a−3, and ζ will evolve like a ∼ η ∼ t1/2. Since
a changes by a factor (m/Hσ)
1/2 ≃ (σi)−2, we end up with a value of ζk at tσ given by:
ζk(tσ) ∼ χk(ti)
σi
, σi ≤ 1. (17)
On the other hand, using again Eq. (13) and the appropriate relations in the oscillating,
radiation-dominated phase, we find Φk(tσ) = −ζk(tσ)/2. In the final phase, dominated by
an oscillating axion, ρr is negligible, the (average) axion pressure is zero, and (the average
of) Φk is constant, as well as the average of ζk, which oscillates around a final amplitude
of the same order as ζk(tσ) given in eq. (17). This implies, through Eqs. (5), (6) and (10),
δσ(k) = −2Φk = −(1/2)δr(k), so that, from Eq. (13) we are led to
〈ζk〉 = −5
3
〈Φk〉 = 5
6
〈δσ(k)〉, (18)
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where 〈...〉 refers to averages over one oscillation period. We have checked the validity of
this result by an explicit numerical integration (the same result has already been presented
in [15], using different notations).
(2) If σi > 1, then Eq. (14) can still be used until tσ = 1/mσi, where we find:
ζk(tσ) =
1
4ρσ
∂V
∂σ
χk ∼ χk(ti)
σi
. (19)
During the period of axion-dominated slow-roll inflation, Eq. (14) is still valid. However,
since ρr soon becomes subdominant with respect to ρσ + pσ, it should be appreciated that
at the end of the slow-roll period the latter term is of order m2, and the resulting estimate
will thus be:
ζk(tm) =
1
4
∂V
∂σ
χk
m2
∼ χk(ti)σi, σi > 1. (20)
Note that this formula is in (qualitative) agreement with Eq. (18), if we use δρσ ∼
m2χk(ti)σi and ρσ ∼ m2. No further amplification is expected in the course of the subse-
quent cosmological evolution. Similar expressions hold for the amplitude of Φk, related to
ζk by Eq. (18).
It is amusing to observe that the results (17), (20), which determine the amplitude of
the Bardeen potential in the oscillating (axion-dominated) phase preceding the moment
(t = td) at which the decay occurs, can be summarized by an equation that holds in all
cases, namely
〈Φk(td)〉 = −χk(ti)f(σi), f(σi) =
(
c1σi +
c2
σi
+ c3
)
, (21)
where c1, c2, c3 are numerical coefficients of the order of unity. A preliminary fit based on
numerical and analytical integrations of the perturbation equations gives c1 = 0.129, c2 =
0.183, c3 = 0.019 (see [20] for further details). The function f(σi) has the interesting feature
that it is approximately invariant under the transformation σi → σ−1i and, as a consequence,
has a minimal value around σi = 1, a result we shall use later on.
The generated spectrum of super-horizon curvature perturbations is thus directly deter-
mined by the primordial spectrum of isocurvature axion fluctuations χk, according to Eqs.
(17) and (20). The axion fluctuations, on the other hand, are solutions (with pre-big bang
initial conditions) of Eq. (8) in the radiation era (no additional amplification is expected,
for super-horizon modes, in the axion-dominated phase), computed for negligible curvature
perturbations (Φ = 0 = Φ′), evaluated in the massive, non-relativistic limit (where we are,
eventually, in the oscillating regime) and outside the horizon. The exact solution for χk,
normalized to a relativistic spectrum of quantum fluctuations (amplified with the Bogoli-
ubov coefficient ck) has already been computed in [10]. Setting x = η
√
2α, α = mH1a
2
1,
b = −k2/2α, it can be written in the form
χk =
ck
a
(
k
2α
)1/2
y2(b, x), (22)
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where y2 is the odd part of the parabolic cylinder functions [23]. Outside the horizon
(−bx2 ≪ 1) and for non-relativistic modes (−b ≪ x2), the solution can be expanded, to
leading order, as y2 ∼ x = η
√
2α. By inserting a generic power-law spectrum, with cut-
off scale k1 = H1a1 and spectral index n, i.e. |ck| = (k/k1)(n−5)/2, we finally obtain the
generated spectrum of curvature perturbations:
k3 |Φk|2 = f2(σi)k3 |χk|2 = f2(σi)
(
H1
MP
)2 ( k
k1
)n−1
, k < k1 (23)
(we have absorbed into the definition of k1 possible numerical factors of order one connecting
the cut-off scale to the string mass).
Note that we have re-inserted the appropriate Planck mass factors, keeping σi dimen-
sionless. It may be useful to recall that the spectral index n depends upon the pre big-bang
dynamics [8], and that for an isotropic 6-dimensional subspace it can be written in the form
[13]
n =
4 + 6r2 − 2√3 + 6r2
1 + 3r2
, (24)
where r = (V˙6V3)/(2V6V˙3) accounts for the relative rate of variation of the six-dimensional
internal volume V6 and of the “external” (usual) volume V3. As already mentioned, the case
of a flat spectrum (i.e. n = 1) corresponds to r = ±1. Otherwise, n increases monotonically
with r2 from the value n = 4− 2√3 ≃ 0.53 when internal dimensions are static (r = 0), to
n = 2 for the case of a static external manifold (r →∞).
The result (23) is valid during the axion-dominated phase, and has to be transferred to
the phase of standard evolution, by matching the (well-known [21]) solution for the Bardeen
potential in the radiation era (subsequent to axion decay) to the solution prior to decay,
which is in general oscillating. The matching of Φ and Φ′, conventionally performed at the
fixed scale H = Hd, shows that the constant asymptotic value (21) of super-horizon modes
is preserved (to leading order) by the decay process, modulo a random, mass-dependent
correction which typically takes the form 1 + ǫ sin(m/Hd), with ǫ a numerical coefficient of
order 1, and m/Hd ≫ 1. Such a random factor, however, is a consequence of the sudden
approximation adopted to describe the decay process, and disappears in a more realistic
treatment in which the axion equation (3) is supplemented by the friction term +Γσ′/a
(leading to the term +Γσ′2/a2 in the equation for ρσ), and a corresponding antifriction
term −Γσ′2/a2 in the radiation equation. The axion fluctuations will follow the background
and decay with a similar term, +Γχ′/a, in the perturbation equation (8).
The previous analysis performed up to t = td remains valid for the modified equations,
since for Γ≪ H the decay terms are negligible. We have checked with a numerical integra-
tion [20] that the decay process preserves the value of the Bardeen potential prior to decay,
damping the residual oscillations; ζ itself follows the same behaviour and is finally exactly
a constant. When the axion has completely decayed, and the Universe is again dominated
by radiation, we can properly match the standard evolution of Φ in the radiation phase
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to the constant asymptotic value of Eq. (21). The expression we obtain for the (oscillat-
ing) Bardeen potential, valid until the epoch of matter–radiation equality (denoted in the
following by ηeq), can be written in the form
Φk(η) = −3Φk(ηd)
[
cos (kcsη)
(kcsη)2
− sin (kcsη)
(kcsη)3
]
, ηd < η < ηeq, (25)
where cs = 1/
√
3 and Φk(ηd) is given in Eq. (21).
The above expression for the Bardeen potential provides the initial condition for the
evolution of the CMB-temperature fluctuations, and the formation of their oscillatory pat-
tern. Standard results [24] (see also [25]) imply that the patterns of the CMB anisotropies
(and, in particular, the position of the first Doppler peak) are related to the sum of two
oscillating contributions, with a relative phase of π/2. Denoting by ηdec the decoupling
time, the first contribution oscillates like A cos [krs(ηdec)], while the second one oscillates
like B sin [krs(ηdec)], where rs(ηdec) is the sound-horizon at η = ηdec. The value of Φk for
η ≪ ηeq < ηdec determines, in particular, the relative phase of oscillation of the two terms.
In our case, from Eq. (25), Φk(ηi) = constant and Φ
′
k(ηi) ≃ 0, where ηd < ηi < ηeq, and
kηi ≪ 1. This implies B = 0, so that the temperature anisotropies (∆T/T )k will oscillate
like [24] Φk(ηi) cos [krs(ηdec)], as is generally the case for adiabatic fluctuations. The op-
posite case, Φk(ηi) ≃ 0 and Φ′k(ηi) = constant, corresponds instead to isocurvature initial
conditions [26], producing a peak structure that is clearly distinguishable from the adiabatic
case and, at present, observationally disfavoured.
After checking that the above scenario leads to the standard adiabatic mode, producing
the observed peak structure of the CMB anisotropies, we still have to discuss the possibility
of a correct large-scale normalization of the spectrum, compatible with the COBE data. We
start from the observation that the final amplitude of the super-horizon perturbations (23),
just like the spectral slope, is not at all affected by the non-relativistic corrections to the
axion spectrum [12], in spite of the crucial role played by the mass in the decay process (see
also [14]). The mass dependence reappears, however, when computing the amplitude of the
spectrum at the present horizon scale ω0, in order to impose the corrected normalization to
the quadrupole coefficient C2 determined by COBE, namely [27]
C2 = α
2
nf
2(σi)
(
H1
MP
)2 (ω0
ω1
)n−1
, α2n =
2n
72
Γ(3− n)Γ
(
3+n
2
)
Γ2
(
4−n
2
)
Γ
(
9−n
2
) , (26)
where [28] C2 = (1.9± 0.23) × 10−10.
The present value of the cut-off frequency, ω1(t0) = H1a1/a0, depends in fact on the
kinematics as well as on the duration of the axion-dominated phase (and thus on the axion
mass), as follows:
ω1(t0) = H1
(
a1
aσ
)
rad
(
aσ
ad
)
mat
(
ad
aeq
)
rad
(
aeq
a0
)
mat
, σi < 1, (27)
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= H1
(
a1
aσ
)
rad
(
aσ
aosc
)
inf
(
aosc
ad
)
mat
(
ad
aeq
)
rad
(
aeq
a0
)
mat
, σi > 1. (28)
Using H0 ≃ 10−6Heq ≃ 10−61MP we find
ω0
ω1
≃ 10−29
(
H1
MP
)
−1/2
(
m
σ2iMP
)
−1/3
, σi < 1, (29)
≃ 10−29
(
σiH1
MP
)
−1/2 ( m
MP
)
−1/3
Zσ, σi > 1, (30)
where Zσ = (aosc/aσ) denotes the amplification of the scale factor during the phase of
axion-dominated, slow-roll inflation. The COBE normalization thus imposes
c22α
2
nσ
2(n−4)/3
i
(
H1
MP
)(5−n)/2 ( m
MP
)
−(n−1)/3
10−29(n−1) ≃ 10−10, σi < 1, (31)
c21α
2
nZ
n−1
σ σ
(5−n)/2
i
(
H1
MP
)(5−n)/2 ( m
MP
)
−(n−1)/3
10−29(n−1) ≃ 10−10, σi > 1. (32)
We can notice, as a side remark, that the contribution of the gradients appearing in Eqs.
(5)–(8) follows the same hierarchy of scales as provided by Eqs. (29), (30) and this is the
reason why, ultimately, the contribution of the gradients can be neglected as far as the
evolution of large-scale modes is concerned.
The condition (31) is to be combined with the constraint (11), the condition (32) with
the constraint (12), which are required for the consistency of the corresponding classes of
background evolution. Also, both conditions are to be intersected with the experimentally
allowed range of the spectral index. Finally, in the case σi > 1 we are also implicitly
assuming that the axion-driven inflation is short enough to avoid a possible contribution
to C2 arising from the metric fluctuations directly amplified from the vacuum, during the
phase of axionic inflation. This requires that the smallest amplified frequency mode ωσ,
crossing the horizon at the beginning of inflation, be today still larger than the present
horizon scale ω0. This imposes the condition ωσ(t0) = Hσ(aσ/a0) > ω0, namely
Zσ <∼ 1029σi
(
m
MP
)5/6
, (33)
to be added to the constraint (12) for σi > 1. It turns out, however, that this condition
is always automatically satisfied for the range of spectral indices we are interested in (in
particular, for n ≤ 1.7).
The allowed range of parameters compatible with all constraints is rather strongly sen-
sitive to the values of the pre-big bang inflation scale H1. In the context of minimal models
of pre-big bang inflation [3] we have H1 ∼ Ms, and a flat spectrum (n = 1) is inconsistent
with the normalization (31), (32). A growing (“blue”) spectrum is instead allowed, and by
setting for instance c2αnH1/MP = 10
−2, using (as a reference value) the upper bound [29]
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n < 1.4, and considering the case σi ≤ 1, we find a wide range of allowed axion masses,
but a rather narrow range of allowed values for σi, namely 1 >∼ σi >∼ 10−5/2, and of allowed
values for the spectral index, n ≃ 1.22–1.4. In the case σi > 1 the results are complemen-
tary for the spectral index, but there are much more stringent bounds for σi, because the
inflationary redshift factor Zσ grows exponentially with σ
2
i , in such a way that the COBE
normalization (32) cannot be satisfied, unless the upper value of σi is strongly bounded.
This means that the apparent symmetry between the σi < 1 and the σi > 1 cases is broken
by the requirement of the CMB normalization, which forbids too large values of σi.
The allowed region may be further extended if the inflation scale H1 is lowered, and
a flat (n = 1) spectrum may become possible if c2αnH1 <∼ 10−5MPσi, for σi < 1, and if
c1αnH1 <∼ 10−5MP/σi, for σi > 1 (see Eqs. (31) and (32)). This possibility could arise in
a recently proposed framework [30] according to which, at strong bare coupling eφ, loop
effects renormalize downwards the ratio Ms/MP and allow Ms to approach the unification
scale. In addition, a flat spectrum may be allowed even keeping pre-big bang inflation at
a high-curvature scale, provided the relativistic branch of the primordial axion fluctuations
is characterized by a frequency-dependent slope, which is flat enough at low frequency (to
agree with large-scale observations) and much steeper at high frequencies (to match the
string normalization at the end-point of the spectrum).
A typical example of such a spectrum can be parametrized by a Bogoliubov coefficient
with a break at the intermediate scale ks,
|ck|2 =
(
k
k1
)n−5+δ
, ks < k < k1,
=
(
ks
k1
)n−5+δ ( k
ks
)n−5
, k < ks, (34)
where δ > 0 parametrizes the slope of the break at high frequency. Examples of realistic
pre-big bang backgrounds producing such a spectrum of axion fluctuations have been al-
ready presented in [12]. Furthermore, a steeper axion spectrum at high frequency could
also emerge if the exit from pre-big bang inflation occurred at relatively strong bare cou-
pling, where various quantities may become dilaton-independent as argued in [30], and the
renormalized axion pump field should approach the canonical pump field of metric pertur-
bations. Quite independently of the effective mechanism, it is clear that the steeper and/or
the longer the high-frequency branch of the spectrum, the larger the suppression at low-
frequency scales, and the easier the matching of the amplitude to the measured anisotropies
(in spite of possible σi-dependent enhancements).
Using the generalized input (34) for the spectrum of χk, the amplitude of the low-
frequency (k < ks) Bardeen spectrum (23) is to be multiplied by the suppression factor
∆ = (ks/k1)
δ ≪ 1, and the normalization condition at the COBE scale becomes
α2nc
2
2
(
H1
σiMP
)2 (ω0
ω1
)n−1
≃ C2∆−1, σi < 1, (35)
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Figure 1: Plot of the COBE normalization condition for σi = 1, f(1) = 0.33, m = 10
10
GeV, k1/ks = k1/keq ≃ 1027(H1/MP)1/2(m/MP)1/3, and for various values of the inflation
scale H1. The four curves correspond, from left to right respectively, to log(H1/MP) =
−4,−3,−2,−1.
α2nc
2
1
(
σiH1
MP
)2 (ω0
ω1
)n−1
≃ C2∆−1, σi > 1. (36)
A strictly flat spectrum is now possible, even for α1H1 = α1Ms ≃ 10−2MP, provided
∆
(
c21σ
2
i + c
2
2σ
−2
i
)
<∼ 10−6. (37)
It thus becomes possible, in this context, to satisfy the stringent limits imposed by the most
recent analyses of the peak and dip structure of the spectrum at small scales [31], which
imply 0.87 ≤ n ≤ 1.06 (see also [32]).
In order to illustrate this possibility, let us specify further Eq. (34) by identifying ks with
the scale keq of matter–radiation equivalence, in such a way that n will denote the value of
the axion spectral index for the scales relevant to CMB anisotropies, while n+δ provides the
(average) axion spectral index in the remaining range of scales, up to the cutoff k1. Then,
after imposing the COBE normalization condition α2nf
2(σi)(H1/MP)
2(ω0/ω1)
2 = C2, we
plot in Fig. 1 curves corresponding to some given values of the ratio H1/MP ∼ Ms/MP.
We have done this choosing the values σi = 1 and m = 10
10 GeV, but for n around 1 the
curves are very stable, even if we change m by many orders of magnitude, provided we stay
at σi of order 1 (i.e. near the minimum of f). A look at the figure shows immediately that
the phenomenologically allowed range for n is theoretically consistent even for Ms/MP as
large as 0.1, provided we allow for a small break in the spectrum, δ ≃ 0.2. Conversely,
we can allow having no break at all in the spectrum (δ = 0), if we are willing to take
Ms/MP ∼ 10−3, i.e. a string mass close to the GUT scale.
We conclude that, in the context of the pre-big bang scenario, a “curvaton” model based
on the Kalb–Ramond axion is able to produce the adiabatic curvature perturbation needed
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to explain the observed large-scale anisotropies. The simplest, minimal model of pre-big
bang inflation seems to prefer blue spectra. A strictly scale-invariant (or even slightly
red, n < 1) spectrum is not excluded but requires, for normalization purposes, non-minimal
models of pre-big bang evolution leading to axion fluctuations with a sufficiently steep slope
at high frequencies.
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